A temperature gradient across a thick (> .1 mm) film selective emitter will produce a significant reduction in the spectral emittance from the no temperature gradient case. 
INTRODUCTION
Emission from thick films is not a surface phenomenon as is usually assumed when discussing emissive materials. It depends on the geometry of the material, which for the film emitters means the film thickness. Thus radiation leaving the film originates at various depths within the film.
To model these film emitters we use a macroscopic approach. Consider Figure  1 which is a schematic drawing of a thick film emitter.
Thermal energy enters through the film substrate. Part or all of the thermal input leaves the film at x = d as radiation flux, Q_(Ka). To determine ez, Q_,(Kd) must be calculated since Ex is defined as follows.
Where eo_ (2, T, ) Vacuum, nzo = 1
.
._ e z,ib, ( X, T, ) S ubstrate, n_., nx = index of refraction Pxo = reflectance at film-vacuum interface Px, = reflectance at film-substrate interface e_ = emittance of substrate ih.,. / 2,, 7..,) = blackbody intensity for T = T,
FIGURE 1. Schematic Diagram of Thick Film Emittance Model
To calculate Q_. we require the radiative transfer equations for radiation intensity moving in the + x direction, i_(K, cosO), and intensity in the -
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In using these equations we are assuming that y and z variation of intensity can be neglected.
Appearing in equations (3) and (4) is the so-called source function, S(K,It), which in the case of isotopic scattering (S(K,It) = S(K)) satisfies the following equation (5).
Appearing in equation (5) is the scattering albedo.
Where _ is the scattering coefficient and aa is the absorption coefficient, which have the dimensions, cm t. The sum of _. and a a is the extinction coefficient, o_.
Also appearing in equation (5) is the film index of refraction, nxf, and the exponential integral, El(x).
The general exponential integral, E,(x), is defined as follows.
Note that we are assuming isotropic scattering. As a result, S is independent of It = cos 0. Therefore, assuming diffuse boundary intensities, i;(0,it) = i_(0) and
we see from equations (3) and (4) that t_and i_ are also independent of It.
The diffuse (independent of It ) boundary conditions at K = K 0 and K = 0 are the following.
Equation (8a) states that the radiation leaving the film-vacuum interface in the -x direction is equal to the reflected radiation at that interface.
For the film-substrate interface equation (8b) states that i_ (0) is the sum of the reflected radiation and the radiation emitted by the substrate that is transmitted (1-P_s) through that interface.
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The (n_c/nz_)2term accountsfor refractionat the interface(5, pg. 738). The reflectanceat the film-vacuum interfaceis Pxoand the reflectanceat the filmsubstrate interfaceis p_. In the previousstudies(1,3,4) the transmittance, (1-p_), at the fllm-substrateinterfacewas assumedto be 1 and the refraction term (n_c/nz_) 2 was neglected.We approximatep_ and 9_ by the reflectance for normal incidence,
Where, nxs is the substrate index of refraction.
At the film-substrate and film-vacuum interfaces there is the possibility of total reflection occurring.
At an interface between a material with an index of refraction, n e, and a material with index of refraction nm, where n c > n m, radiation moving from e into m with an angle of incidence, 0>0a, ,, where 0Cmis given by Snell's law will be totally reflected.
This will be taken into account when calculating Qa(Kd). At the film-substrate interface refraction has been taken into account by including the (n_/nz_)2term in equation (8b). However, the possibility of total reflection is not included. Therefore, by using equation (8b) as the boundary condition we are assuming that n v > n t_ so that total reflection does not occur for radiation entering the film from the substrate.
Now consider
Qx(Kd), which is the radiation flux leaving the film. Since nzf>l the radiation leaving the film will be refracted and some of the radiation that reaches the film-vacuum interface will be totally reflected at the interface. Therefore,
and using equation (8a) and letting !a = cos0 this becomes the following.
Where _tM is given by Snell's Law.
Substituting (3) in (1 lb) yields the following.
Where,
Equation (13) gives Q_.(K_) in terms of the source function S(K) and i_+(0). The i_(0) intensity is obtained by using equations (3) and (4) to get two simultaneous equations fori_lKa) and i_(0). These can then be solved for i_(0) and the result used in equation (8b) to obtain i_ (0) (4).
D=I-4PaoP_._E_(Kj) (18)
Now substitute equation (17) in (13).
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Equation (20) can be substituted in equation (1) to obtain the spectral emittance, ex, in terms of the source function, S(K).
In the general case where scattering exists the source function must be obtained by solving equation (5). In the case of no scattering, f_ = 0, and equation (5) reduces to the following.
If we also assume T is a constant through the film, T = T,, then the integrations in _., _., and _M, can be carried out to yield the following.
Thus ex is determined by the optical depth, Kj, the indices of refraction, nzf and n_ and the substrate emittance, exs. In the case when scattering is important ex will also be a function of the scattering albedo, f2_. Now consider the case where a temperature gradient exists. To demonstrate the temperature gradient effects in the simplest manner we consider the no scattering case since in that case the source function has the simple solution given by equation (22) . We also assume a linear temperature gradient across the film. As discussed in the introduction this is a good approximation for the rare earth selective emitters.
As a result, the temperature across the film is given by the following expression.
Where, the temperature gradient is defined as follows.
AT = (25)
L
Using equations (24), (22) and (2) in the expressions for _+, •., and • M, yields the following.
Where, e" -1 --e" e" >> 1 (32b)
In addition for AT << 1 and 0 < a9 < 1;
-u 1 e-"e-"_r°e xp 1-vAT e" >> 1, AT << 1
With the approximations given by equations (32) and (33) equations (26) - (28) become the following after a change in the integration variables.
For a selective emitter the optical depth, K d, will be large (Kd>l) in the emission band and small (Kd<<I) outside the emission band. 
Spectral Emittance
With the results developed in the previous section we can now illustrate the effect of AT on e_. In Figure 2 Ae_. is shown as a function of AT for large optical depth (K a = 2) at several values of u. The exact result for AE_. is obtained using (42)) is shown in Figure 2 .
the K a
As Figure 2 indicates AE x changes rapidly at small AT with the slope increasing for increasing u. Thus even for AT<. 1 there will be a significant reduction in the spectral emittance for u>5. In most cases, for the emission bands of rare earth selective emitters where Ka >1 the dimensionless photon energy, u>5. Therefore, even a small temperature gradient will result in a significant reduction in the spectral emittance in the emittance band of the rare earth selective emitters.
Obviously, making the emitter as thin as possible will reduce AT. However, the optical depth will also be reduced, if the thickness, d, is reduced, resulting in decreased _.. As a result, there will be an optimum thickness, d, to obtain maximum Ex. This will be discussed in the next section. Note also that the approximate solution (equation (42)) is in close agreement with the exact results when AT<. 1.
Results
in Figure 2 are for large optical depth (K a = 2). However, similar results occur for small optical depth and are illustrated in Figure 3 where K a =. 1.
Again there is good agreement between the approximate solution (equation (45) andthe exactsolutionwhenAT<.I. Therangeof valuesfor AE_ is much smaller for the case where K a << 1 than for K a > 1. Thus the temperature gradient has only a small effect on e_. when K a <<1. Therefore, for a selective emitter the emittance outside the emission band will not be greatly effected by AT.
Optimum
Thickness for Maximum Spectral Emittance
As already stated, the counteracting effects of increasing spectral emittance with optical depth and decreasing spectral emittance with increasing temperature gradient will result in an optimum film thickness for maximum spectral emittance.
This can be demonstrated as follows. Neglecting any conductive or convective heat transfer at the film surface (which will occur if a vacuum exists at the film surface) then the total power/area leaving the film is the following.
This same power/area must be supplied by thermal conduction and radiation at the film-substrate interface to maintain a steady state. Therefore, at x = 0, assuming conduction is much greater than radiation,
Where
If is the film thermal conductivity. As stated earlier, energy transfer through the film is dominated by thermal conduction so that, equation
(24) applies and-d_x<.=o=(T"-Ti ) -_ . Therefore, from equations (46) and (47) the following is obtained.
AT-T-T s _
To calculate Q,,,,, equation (31) for a_, which is a function of AT must be used to determine Qz(Kd) (equation (1)). However, since ex is a function of AT, equations (46) and (48) must be solved simultaneously in order to obtain AT as a function of Qo,,,. This has been done in ref. 3. But to illustrate how an optimum thickness occurs we can write Q,,,,, as follows.
Q,,,,, = t?rO',.#,T,. 4 (49)
Where V_,riSthe total emittance of the film and will be a function of T S and _sb is the Stefan-Boltzmann constant (5.67 x 10 _2 w/cm 2 K4). By using equation (49) in equation (48) the following results.
The quantity "red is the ratio of radiation to thermal conduction (3). Thus equation (50) shows that AT will be small as long as thermal conduction dominates. figure 6 . These quantities were obtained using measured transmittance and reflectance data (6). This emitter had a platinum foil substrate. A constant substrate emittance eu -.2 was used for the platinum foil. However, since there is an air gap between the foil and the film the appropriate index of refraction for the filmsubstrate interface is nu = 1.0, which was used in the calculation. The measured temperature gradient was AT = .13 and the platinum foil substrate temperature was T, = 1500K.
The first thing to notice is the considerable reduction in e_ within the emission bands centered at X = 1000 nm and X = 1500 nm as a result of the temperature gradient.
In the main emission band at _, = 1500 nm the theoretical maximum goes from e x = .8 when AT = 0 to ex --.35 when AT = .13. As discussed earlier ( fig. 3) , the spectral emittance outside the emission bands is not greatly affected by AT. The measured emission band is broader than the theoretical emission band.
This occurs because the theoretical result is based on the extinction coefficient that was measured at room temperature. At high temperature broadening of the emission band will occur which will therefore not be accounted for in the theoretical results. Part of the difference between the theoretical and experimental _. for radiation outside the emission band is caused by experimental error.
Outside the emission band where ez is small, background radiation coming from sources other than the emitting film result in the measured e_being larger than the actual value, (2). 
CONCLUSION
